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In this paper we demonstrate the arising of higher-derivative contributions to the effective action
of electrodynamics on the base of generalized Julia-Toulouse mechanism and explicitly show that
the complete effective action generated within this methodology is nonlocal.
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I. INTRODUCTION
The nonlocality is treated now as an important ingre-
dient in field theory models. Being initially introduced
in order to take into account finite-size effects in phe-
nomenology allowing to rule out ultraviolet divergences
[1], it began recently to acquire strong interest within
other contexts, especially, within gravity, where there is
a strong hope that namely nonlocal extension could al-
low to construct a gravity model both renormalizable (or
even ultraviolet finite) and ghost-free, see discussion in
[2]. The key idea of nonlocal field theories looks like
follows. While the quadratic action of usual higher-
derivative theories is described by a polynomial func-
tion of d’Alembertian operator which can be expanded
in primitive multipliers, and it allows in arising of new,
ghost degrees of freedom [3], one can consider a class
of theories where, instead of the polynomial function of
, the quadratic action is characterized by an essentially
non-polynomial, so-called entire function of , for exam-
ple, the exponential one, which does not admit expan-
sion in primitive multipliers and hence does not generate
new degrees of freedom, see [2] and references therein.
Various aspects of nonlocal field theories have been stud-
ied, including the exact solutions within the gravitational
(mostly cosmological) context (see f.e. [4]) and explicit
calculations of loop corrections in usual and supersym-
metric theories [5]. Therefore, it is natural to expect that
nonlocality can imply interesting physical effects within
other contexts as well.
In this letter, we propose a generalization of the Julia-
Toulouse (JT) mechanism to a nonlocal case. Indeed, it
is well known [6] that the Julia-Toulouse mechanism is
based on the coupling of the gauge field to some extra
fields (topological defects) represented by some sources
Jµ. The idea behind the JT mechanism is that a prolif-
eration of the topological defects in a system, such that
they become dynamical fields (i.e. their condensation),
drives the system to a phase transition. As it will be
formally presented in the next section, superconductors
can be seen as a good example to illustrate this idea. In
the case of a superconductor, a proliferation of defects
(vortices) can drive the system from a superconductivity
state to a free Maxwell theory. In order to achieve this
result we introduce a so-called activation term JµOJµ,
and the integration over the topological defects implies
in the arising of new terms modifying the original gauge
theory. Initially, in [6] and further in [7], the operator O
was suggested to describe only the low- energy fluctua-
tions, that is, being proportional to an unit operator, thus
giving a Thirring-like interaction. In this paper, we take
into account not only low energy fluctuation but we also
consider the UV fluctuations and show that as a conse-
quence, the condensation of topological defects drives the
Maxwell electrodynamics to a non-local Podolsky electro-
dynamics.
This letter is organized as follows: in the section II,
we, basing on [8], provide a general description of the
condensation of topological defects in regular supercon-
ductors; in the section III, we show how the mechanism
used to describe superconductors can be used to obtain
non-local Podolsky electrodynamics; in the section IV,
we show how the non-local JT mechanism can also be
applied in the Chern-Simons theory to generate a higher-
derivative CS theory; finally, in the section V we present
our comments and conclusions.
II. PHASE TRANSITION AND THE
CONDENSATION OF TOPOLOGICAL DEFECTS
In this section we describe the mechanism presented in
[8] to explain how a condensation of topological defects
can drive a system to a phase transition. Let us consider
an Euclidean action describing the electromagnetic field
interacting with an external source with electric charge q
Sem =
∫
d4x
(
1
4
FµνFµν − iqAµJµ
)
(1)
where Fµν = ∂µAν − ∂νAµ and Jµ is a classical current.
The partition function of the system coupled with an
external auxiliary current jµ, carrying charge e, summed
over the classical configurations of the external sources
Jµ reads
2Z[j] =
∑
J
∫
DAδ[∂µJ
µ]e−
∫
d4x( 14FµνFµν−iqAµJµ)e−ie
∫
d4x Aµjµ
=
∑
J
∫
DADθe−
∫
d4x( 14FµνFµν−iq(Aµ+
1
q ∂µθ)Jµ)e−ie
∫
d4x Aµjµ (2)
In order to maintain explicitly the gauge invariance we
inserted a delta function requiring the classical source to
be conserved and exponentiated it with the help of an
auxiliary field θ. The gauge symmetry is realized as
Aµ → Aµ + ∂µχ
θ → θ − qχ (3)
As a consequence of gauge invariance (current conserva-
tion) we have that
Jµ(x) =
∫
dτ
dyµ
dτ
δ4(x− y(τ)) (4)
The summation over J in (2) represents the sum over all
the possible worldlines y(τ) of charges. In (2) we did not
consider dynamics of charges yet, but soon we will sup-
plement the action with the corresponding term given by
S(y(τ)). For many point charges we have a sum over the
worldlines of all the charges. For a continuous distribu-
tion of charges we would have a continuous source, whose
sum over different ensemble configurations is defined by a
path integral weighted by an action S(J). The condensa-
tion is an operation that maps an ensemble of 1-currents
into an ensemble of 1-forms. This operation specifies a
physical process that connects different theories, describ-
ing the system in different phases. For example, in (2)
if we would have Jµ = 0 as the only configuration this
would give us the free Maxwell theory. Another example
is to consider Jµ as a continuous field (
∑
J →
∫
DJ),
as a result we have that Jµ turns into a Lagrange multi-
plier forcing the gauge field to vanish, which is just the
Meissner effect in a perfect superconductor (with zero
penetration length).
Supplementing (2) with contact terms to the classical
current. The contact terms are on the action SJ . The
new partition function reads
Z[j] =
∑
J
∫
DADθe−
∫
d4x( 14FµνFµν−iq(Aµ+
1
q ∂µθ)Jµ)e−ie
∫
d4x Aµjµe−SJ (5)
The allowed local terms for the current looks like:
SJ =
1
2m2
JµJ
µ +
1
2m2m21
JµJ
µ + · · · (6)
This is a derivative expansion where the first term rep-
resents the lowest energy fluctuation of Jµ. From (4),
one can express the current as Jµ = ǫµνλρ∂
νΣλρ. In this
sense JµJ
µ can be treated as kinetic term. Considering
only the low energy fluctuations in (6) in the condensate
phase and integrating (5) in J we have
Z[j] =
∫
DA
∫
Dθ e
−
∫
d4x
(
1
4
FµνF
µν
−
q2m2
2 (Aµ+
1
q ∂µθ)
2
)
e−ie
∫
d4x Aµjµ (7)
Thus we have obtained the action for the electromagnetic
response in a superconductor with penetration length
∼ 1/m. The condensation of currents drove the system
to a phase transition. In [8], the authors showed that
the dilution/condensation process can also be described
in a dual point of view. The dual of the charge con-
densation described here is the dilution of the equivalent
defects (vortices) in the superconductor. Meaning that if
the vortices dilute (and charge condensation occurs), the
system becomes a perfect superconductor as in (7) or if
the vortices condensate (and charge dilution takes place)
we recover the free Maxwell theory. As it is known, the
superconductivity phase of a material can be destroyed
by proliferation of vortices, and, as it is shown in [8], the
3picture presented here, describes this scenario. The dual
picture of (7) can be obtained by introducing∫
Dη δ[Jµ(x)− ηµ(x)] = 1 (8)
in the path integral (5), using the Poisson identity∑
J
δ[Jµ(x) − ηµ(x)] =
∑
K
ei2pi
∫
d4xηµKµ (9)
and by integrating ηµ we obtain
Z[j] =
∑
K
∫
DA
∫
Dθ e
−
∫
d4x
(
1
4
FµνF
µν
−
q2m2
2 (Aµ+
1
q ∂µθ+
2pi
q Kµ)
2
)
e−ie
∫
d4x Aµjµ (10)
From (10) it can be seen that, if K becomes a continuous
field, the integration over K drives the system to a free
Maxwell theory. The Poisson identity (9) is the key idea
to implement and to understand the dual scenario: from
(9), as an example, it can be seen that if we have Jµ = 0
as the only configuration, this identity will be reduced
to δ(ηµ) =
∫
DKei2pi
∫
d4xηµKµ . This means that for a
charge dilution (Jµ = 0) the result will be that the K
condensates (
∑
K →
∫
DK). If the J proliferates (
∑
J →∫
DJ) this makes the l.h.s. of (9) to go to 1, forcing
K = 0 on the r.h.s. of the equality. This points that Kµ
are defects which are dual to the charges Jµ. Due to (8),
the dual version of (6) reads
Sη =
1
2m2
ηµη
µ +
1
2m2m21
ηµη
µ + · · · (11)
and in order to obtain (10) we have only considered the
lowest energy fluctuation in η as in the previous case with
J . As it was pointed before, if K condensates we have
free Maxwell theory. In the next section we will show
that for the case of high energy fluctuations of η, even
when K condensates, local Maxwell theory will not be
recovered anymore.
III. PODOLSKY ELECTRODYNAMICS AS AN
EMERGENT THEORY
From the previous section, it can be seen that by con-
sidering low energy fluctuations of ηµ we are able to de-
scribe the electromagnetic response in a superconductor.
In this section, our discussion begins around the equa-
tion (11) and explore what is the gauge emergent system
by considering high energy fluctuations of ηµ. Consider
high energy fluctuations of ηµ means that
Sη =
1
2m2
ηµη
µ +
1
2m2m2p
ηµη
µ + · · ·
=
1
2m2
ηµ
[
∞∑
n=0
(

m2p
)n]
ηµ
=
1
2m2
ηµF
(
/m2p
)
ηµ (12)
where mp stands for the Podolsky mass as in [9]. Then
the integration in ηµ generates:
Z[j] =
∑
K
∫
DA
∫
Dθ e
−
∫
d4x
(
1
4
FµνF
µν
−
q2m2
2F(/m2p)
(Aµ+ 1q ∂µθ+
2pi
q Kµ)
2
)
e−ie
∫
d4x Aµjµ (13)
At this point, we will redefine the gauge field for A′µ =
Aµ+
1
q∂µθ+
2pi
q Kµ. This redefinition maintains the elec-
tromagnetic field strength tensor expression preserved.
The action then reads
S =
∫
d4x
(
1
4
FµνF
µν
−A′µ
q2m2
2F
(
/m2p
)A′µ
)
(14)
It is interesting to note the following effect. Under an
appropriate change of variables, the nonlocality in the
kinetic term can be transferred to the vertices (or mass
term), and vice versa. It can be done in the following
manner.
4Let us consider the Lagrangian
L =
1
2
∂mφe

µ2 ∂mφ− V (φ). (15)
Here, the nonlocality is concentrated in a kinetic term.
Let us do the change of variables
e

2µ2 φ→ φ˜. (16)
Our Lagrangian takes the form
L =
1
2
∂mφ˜∂
mφ˜− V (e
−

2µ2 φ˜). (17)
So, the potential becomes nonlocal instead of the ki-
netic term (in certain cases when the kinetic term looks
like φTˆ φ, and the potential term looks like ((Tˆ )1/2φ)n,
with Tˆ is an operator introducing the nonlocality, f.e.
Tˆ = e

2µ2 as in the example above, we can remove the
nonlocality both from kinetic and potential term, but
these cases are trivial).
The similar situation takes place for other field theory
models, including the electromagnetic field. The model
(14), under the replacement F
(
/m2
)
−1/2
A′µ → A˜µ be-
comes
S =
∫
d4x
(
1
4
FµνF
(
/m2p
)
Fµν −
q2m2
2
A′µA
′
µ
)
. (18)
We note that within all these our replacements by the
rule φLˆφ, with Lˆ is the nonlocal operator, and the
same rule for Aµ, no extra contributions to the effec-
tive actions are generated. Indeed, when we carry out
these transformations, although there are nonlocal, they
are linear in fields, so, in the generating functional we get
only the extra multiplier det Lˆ1/2, and since it does not
depend on any fields, it yields only a field-independent
additive term in the effective action which clearly can
be neglected. So, we generated the essentially non-local
Podolsky electrodynamics with the action
Z[j] =
∑
K
∫
DA
∫
Dθ e
−
∫
d4x
(
1
4
FµνF
µν+ 1
4m2p
∂µFµν
[
∞∑
n=0
(

m2p
)n]
∂βF
βν
−
q2m2
2
A′µA
′
µ
)
· e−ie
∫
d4x Aµjµ (19)
where an integration by parts was used to obtain the re-
sult. It can be seen from (19) that even if K condensates,
which corresponds to integration over K, the Podolsky
term will not vanish. It is worth mention that if we have
considered only the first two terms in the expansion (12),
the resulting action would be the local Podolsky action,
which it would be equivalent to only consider the term
n = 0 is the sum in (19). Therefore we show that the
Podolsky electrodynamics can be obtained using a mech-
anism that it was originally used to describe phase transi-
tions due to the condensation/proliferation of topological
defects.
It is interesting to note that the higher-derivative
Podolsky term can be generated as well within the usual
perturbative approach. Let us start with the usual La-
grangian of the spinor field coupled to the electromag-
netic one:
L = ψ¯(i∂/− eA/ −m)ψ. (20)
The one-loop effective action of the gauge field is imme-
diately written in the form of the fermionic determinant:
Γ(1) = iTr ln(i∂/− eA/−m). (21)
We consider the simplest contribution to it generated by
the two-point function of Aµ:
Γ
(1)
2 = −
e2
2
∫
d4pAµ(−p)Π
µν(p)Aν(p), (22)
where
Πµν(p) = tr
∫
d4k
(2π)4
γµ
1
k/ −m
γν
1
k/+ p/−m
. (23)
It is well known that the effective action itself is nonlocal
being an infinite series in derivatives of the external fields,
or as is the same, in the external momentum p. While
the contribution of the second order in an external mo-
mentum became a paradigmatic result in QED describing
the wave function renormalization of the gauge field, the
higher-order results have not been discussed up to now.
So, we expand (23) up to the fourth order and find
Πµν4 (p) = tr
∫
d4k
(2π)4
γµ
1
k/ −m
γν
1
k/−m
p/
1
k/−m
×
× p/
1
k/−m
p/
1
k/−m
p/
1
k/−m
. (24)
The trace and integral can be calculated explicitly. We
arrive at
Πµν4 (p) =
4p2
15m2(4π)2
(pµpν − p2ηµν). (25)
5The corresponding contribution to the effective action is
Γ
(1)
2,4 = −
e2
15m2(4π)2
FµνF
µν . (26)
This term is finite as it must be. It has just the desired
Podolsky form. In principle, the contributions to the
effective action involving sixth and higher even orders in
momenta can be obtained as well, so, one can write down
the complete one-loop two-point function as
Γ
(1)
2 = e
2Fµν
(
∞∑
n=0
cn(

m2
)n
)
Fµν , (27)
where the zero order is the known renormalized QED
result. In principle, the function
f() =
∞∑
n=0
cn
(

m2
)n
can be defined, where cn are some numbers, however,
apparently this function can be found only order by order
but not in the closed form.
IV. HIGHER-DERIVATIVE CHERN-SIMONS
TERM
In this section, we show that by extending the mecha-
nism presented in the section II, for a Chern-Simons (CS)
theory, and following the prescription in the section III,
the corresponding emergent theory, obtained along the
same lines as Eq. (18), is a higher-derivative CS theory.
For the CS theory the analog of (1) is
Scs =
∫
d3x
(κ
2
ǫµνρAµ∂νAρ − iqAµJµ
)
, (28)
and, since the CS action is gauge invariant, (4) still holds.
Following the prescriptions presented in the previous sec-
tions we arrive at
Scs =
∫
d3x
(κ
2
ǫµνρAµ∂νF
(
/m2cs
)
Aρ −
−
q2m2
2
A′µA
′
µ
)
. (29)
This is the analog of (18) for the CS theory.
V. COMMENTS AND CONCLUSIONS
We have succeeded to generalize the Julia-Toulouse
mechanism to a case of a nonlocal contact term. One
should note that a priori, there are no restrictions on
the form of the contact term within this approach. We
demonstrated explicitly that in this case, one can gen-
erate a nonlocal generalization of the electrodynamics
whose action is an infinite series in derivatives, so that
one has, besides of the usual Maxwell term, also the
Podolsky term, and higher-order terms. We showed ex-
plicitly that the Podolsky term can be generated as a
quantum correction as well being finite, so, we can see
that perturbative and non-perturbative approaches for
obtaining new terms are equivalent in a certain sense as it
has been claimed in [7]. Actually, we demonstrated that
the Julia-Toulouse approach opens broad possibilities for
obtaining new effective theories with higher-derivative
operators. It could be interesting to generalize this ap-
proach for Lorentz-breaking case since earlier, the Julia-
Toulouse methodology has been successfully applied in
the Lorentz-breaking case in the three-dimensional the-
ory [7]. Especially, it is interesting to study the impacts
of the dimension-six terms considered in [10], within the
Julia-Toulouse approach. Besides the possible applica-
tions within Lorentz symmetry breaking scenarios, this
approach can also be used to show how magnetic perme-
ability arises from a condensation of topological defects.
We expect to do these studies in forthcoming papers.
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